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THE DYNAMICAL ANDRE-OORT CONJECTURE: UNICRITICAL 

POLYNOMIALS 

D. GHIOCA, H. KRIEGER, K. NGUYEN, AND H. YE 


Abstract. We establish the equidistribution with respect to the bifurcation measure of post- 
critically finite maps in any one-dimensional algebraic family of unicritical polynomials. Using this 
equidistribution result, together with a combinatorial analysis of certain algebraic correspondences 
on the complement of the Mandelbrot set M 2 (or generalized Mandelbrot set Md for degree 
d > 2), we classify all algebraic curves G C with Zariski-dense subsets of points (a,b) € C, 
such that both + a and z'^ + b are simultaneously postcritically finite for a fixed degree d> 2. 
Our result is analogous to the famous result of Andre |And98| regarding plane curves which 
contain infinitely many points with both coordinates CM parameters, and is the first complete 
case of the dynamical Andre-Oort phenomenon studied by Baker and DeMarco |BD11| . 


1. Introduction 

In the past 20 years there was a considerable interest in studying the principle of unlikely 
intersections in arithmetic geometry (for a comprehensive discussion, see the book of Zannier 
|Zanl2| ). Informally, this principle of unlikely intersections (of which special cases are both the 
AndrAOort and the Pink-Zilber conjectures) predicts that each time an intersection of an algebraic 
variety with a family of algebraic varieties is larger than expected, then this is explained by the 
presence of a rigid geometric constraint. Motivated by a version of the Pink-Zilber Conjecture 
for semiabelian schemes, Masser and Zannier (see [MZlOl |MZ12] 1 proved that in a non-constant 
elliptic family Et parametrized by t G C, for any two sections {Pt}t and {Qt}t, if there exist 
infinitely many t € C such that both Pt and Qt are torsion points on Et, then the two sections 
are linearly dependent. 

Motivated by a question of Zannier, Baker and DeMarco |BDllj proved a first result for the 
unlikely intersections principle in the context of algebraic dynamics. More precisely. Baker and 
DeMarco showed that for an integer d > 2, and for two complex numbers a and b, if there exist 
infinitely many t £ C such that both a and b are preperiodic under the action of z 1 —?• 1, 

then = 6'^. Baker and DeMarco’s result |BD11) can be seen as an analogue of Masser and 
Zannier result [MZlOl IMZ12j (which can be reformulated for simultaneous preperiodic points in 
a family of Lattes maps) without the presence of an algebraic group. The absence of an algebraic 
group in the background is an added difficulty for the problem, which is solved by Baker and 
DeMarco employing an argument which relies on a theorem regarding the equidistribution of 
points of small height for algebraic dynamical systems (see [BR.n6( ICLOBl iFPLOBj ). New results 
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followed (see |GHT12l IBD13j ) extending the results of [BDllj to arbitrary 1-parameter families 
of polynomials. 

In |BD13] . Baker and DeMarco posed a very general question for families of dynamical systems, 
which is motivated by the classical Andre-Oort. As a parallel to the classical AndrGOort Conjec¬ 
ture, Baker and DeMarco’s question asks that if a subvariety V of the moduli space of rational 
maps of given degree contains a Zariski dense set of special points, then V itself is special (i.e., 
cut out by critical orbit relations; see [BD13j for more details). The special points of the moduli 
space in Baker-DeMarco’s question are the ones corresponding to postcritically finite (PCF) maps 
/, i.e. each critical point of / is preperiodic. In this article we prove a general result for curves 
supporting this Dynamical Andre-Oort Conjecture. 


Theorem 1.1. Let C be an irreducible algebraic plane curve defined over C, and let d >2 be an 
integer. There exist infinitely many points (a, b) G C, such that both z + a and z z'^ + b 
are postcritically finite, if and only if one of the following conditions holds: 

(1) there exists to ^ C such that z z'^ + to is PCF and C is the curve {to} x 

(2) there exists to ^ C such that z z'^ + to is PCF and C is the curve x {to}/ 

(3) there exists a {d — l)-st root of unity ( such that C is the zero locus of the equation 
y -(x = 0. 


In |CKNj. Theorem o was proven in the special case C is the graph of a polynomial. The 
extension to arbitrary curves in Theorem 1.1 requires overcoming several technical difficulties. We 
also note that Theorem o can be viewed as a dynamical analogue of Andre’s theorem |And98) 
regarding plane curves containing infinitely many points with both coordinates CM points in the 
parameter space of elliptic curves. In the world of polynomial dynamics, the equivalent notion of 
a CM elliptic curve is a PCF polynomial. Indeed, the parallel between the two can be viewed also 
at the level of arboreal Calois representation associated to a polynomial which is expected to have 
smaller image for PCF maps, analogous to the situation for the Calois representation associated 
to an elliptic curve, which has smaller image in the case of CM elliptic curves; for more details, 
see |JonI3l IPinal IPinbl IPincj . 

We observe that it is immediate to see that a curve of the form (1) to (3) as in the conclusion of 
Theorem |1.1| contains infinitely many points with both coordinates PCF parameters; the difficulty 
in Theorem o is proving that only such curves have infinitely many such points. If C does not 
project dominantly onto one of the axis of hfi, it is immediate to see that C must have the form 
(1) or (2) above. So, the content of Theorem o is to show that when C projects dominantly 
onto both axis of hfi, and in addition C contains infinitely many points with both coordinates 
PCF parameters, then C must be of the form (3) as in the conclusion of our result. 

Theorem o can be viewed as a generalization of the problem studied in |BD11) . as follows. 
Civen a plane curve C, we have two families of polynomials parametrized by the points t € C: 

:= z^ + 'iTi{t) and := z'^ + 7r2{t), where vri and 7 r 2 are the two projections of C onto the 

two coordinate axis of the affine plane. Then we study under what conditions there are infinitely 
many t € C such that 0 is preperiodic under both and £ 2 ,*. More generally, one could consider 
any two families of rational maps fi^t and £ 2,4 parametrized by points t on some curve C, take any 
two rational maps ci,C 2 : C — > and ask under what conditions on the curve C, on the two 
families £1 and £2, and on the starting points ci and C2, there exist infinitely many points t G C 
such that both ci{t) and C 2 (t) are preperiodic under the action of £i^t, respectively of £ 2 ,i. However 
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this is a very hard question, and there are only a handful of results with restricted conditions 
in the literature; see [RDin irTHT121 IRD131 KfHTIhj . For examples in jRDIIl irTHT121 IRD13j . 
fi and £2 are families of polynomials and C = A^. In |GHT15j . the family of rational functions, 
parametrized by a projective curve C, must have exactly one degenerate point on C and also the 
families fi and £2 must satisfy additional technical conditions. In this article, we release all the 
restrictions on the curve C, which parametrizes a family of unicritical polynomials. Also, we note 
that the result of |GKNj relied on the results from |GHT12) . hence the restriction to curves C 
which were graphs of polynomials because then the families of maps fi^i and £ 2,4 were parametrized 
by the affine line. 

One of the main ingredients of our article (and also of all of the above articles) is the arithmetic 
equidistribution of small points on an algebraic variety (in the case of see |RR06[ IFRLOG] . in 
the general case of curves, see |GL06j . while for arbitrary varieties, see |Yua08j 1. Another main 
ingredient of this article is the geometric properties of the generalized Mandelbrot sets A4d (recall 
that is the set of all t G C where the orbit of 0 under z z'^ + t is bounded). More precisely, 
we use the combinatorial behaviour of the landing of the external rays, from which we get the 
precise equations for the curves C in Theorem [Hi Using Yuan’s powerful theorem |Yuan8| we 
show that postcritically finite maps equidistribute on the parameter space with respect to the 
bifurcation measure; see Theorem 3.1 Assuming there exist infinitely many points (a, 6) on the 
plane curve C such that both z'^ + a and z^^ + b are PGF, then the potential (escape-rate) functions 
for the bifurcation measures (with respect to the families z'^ + 7ri(t) and z'^ + 712 (t), where vri and 
712 are the two projections of C on the coordinates of A^) are proportional to each other; see 
Theorem |4.1[ Hence we get an algebraic correspondence on the d-th generalized Mandelbrot set 
Aid'- for each (a, 6) G C, we have that a G Aid if and only if 6 G Aid- Using the theory of 
landing external rays on the d-th generalized Mandelbrot set we prove that the only algebraic 
correspondences on Aid are linear given by an equation as in the conclusion of Theorem [Hi 

We are indebted to Laura DeMarco and Thomas Tucker for their careful reading of, and helpful 
comments on, an early version of this article. We also thank Rjorn Poonen and Gurt McMullen 
for helpful discussions during the writing of this paper. 


2. Preliminaries 

In this section, we introduce terminologies and results (e.g. Yuan’s arithmetic equidistribution 
theorem [Yuan8 | ) as needed for the latter sections. Though Yuan’s equidistribution works for 
varieties of all dimensions, we focus on the one dimensional case. 

2.1. The height functions. Let AT be a number field and K be the algebraic closure of K. The 
number field K is naturally equipped with a set Q-k of pairwise inequivalent nontrivial absolute 
values, together with positive integers W for each v G Qr such that 

• for each a G K*, we have |a|^ = 1 for all but finitely many places v G ^k- 

• every a G K* satishes the product formula 

(2.1) II |a|^ = 1 

For each v G CIr, let Ky be the completion of iL at u, let be the algebraic closure of Ky and 
let Cy denote the completion of Ky. We fix an embedding of K into C^, for each v G hence 
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we have a fixed extension of | • |^ on K. When v is archimedean, then = C. For any x € K, 
the Weil height is 

(2.2) h{x) = ^ ^ ^ log+ \yU 

y&Gs.\(K/K)-x vGQk 


where log"*" 2 = logmaxjl, z} for any real number z. 

Let / G K[z] be any polynomial with degree d> 2. We use the notation /" for the composition 
of / with itself n times. As introduced by Call and Silverman |CS93| . we have the following 
canonical height for every x £ K 


(2.3) 


hf{x) = lim 


h{r{x)) 


where h{x) is the Weil height from (2.2). Call and Silverman [CS93| showed that the above canon¬ 
ical height is well-defined, and moreover, hf{x) > 0 with equality if and only if x is preperiodic 
under the iteration of /. Hence, / is postcritically finite if and only if all its critical points have 
canonical height zero. 


2.2. Adelic metrized line bundle and equidistribution. Let £ be a line bundle of a nonsin¬ 
gular projective curve X over a number field K. As in Subsection , K is naturally equipped 
with absolutes | . for v G ^k- A metric || . ||^ on £ is a collection of norms, one for each 
X G X{K^), on the hbres £(x) of the line bundle, with 


q;s(x)||^ = |a|^||s(x)||^ 


for any section s of £. An adelic metrized line bundle £ = {£, {|| . over £ is a collection 

of metrics on £, one for each place v G satisfying certain continuity and coherence conditions; 
see |Zha95al IZha95b| . 

For example, we can define adelic metrized line bundles for over the line bundle £ = Oj>i (1). 
Let s = uqXq -l-uiAi be a global section of £ = C>pi(l), where uq and ui are scalars. The metrics 
are defined for each [xq : xi] G P^(A') as 

\uoXo + UlXl\v 

max{|a;o|i;, |a;i|„} 


s ([xo : xi]) 


for places v G Qr- It can be checked without any difficulty that £ := {£, {|| . defined 

this way is an adelic metrized line bundle over £. Moreover, we can work with pullback metrics 
by an endomorphism of P^. More precisely, let F ([xq : xi]) = {Fq{xo,xi) : Fi(xo,xi)) be an 
endomorphism of P^ where Fi and F 2 are coprime homogeneous polynomials of degree d. The 
metrics on s = uqXq + uiXi are defined as 


s([xo : Xi]) 11^ 


max{|Fo(2:o,a;i)|.i,, \Fi{xo,xi)\vy/'^ 


Hence Lp ■= {|| • adelic metrized line bundle over £. 

A sequence {£, {|| • ||i;,n}Der2x}n>i oI adelic metrized line bundles over £ is convergent to 
{£, III. if for all n and all but hnitely many v G 0,k, || • = || • ||i), and if {log }n>i 

converges to 0 uniformly on X{K) for all v G It is clear that the limit {£, {|| . ||D}i;er 2 ^} is 
an adelic metrized line bundle. 
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All metrics we consider here are induced by models or uniform limits of metrics from models; 
see [Zha95bl lYnaOSI . An adelic metrized line bundle L is algebraic if there is a model A of X 
that induces the metrics on C. An algebraic adelic metrized line bundle £ is semipositive if £ has 
semipositive curvatures at archimedean places and non-negative degree on any complete vertical 
curve of X. An adelic metrized line bundle £ is semipositive if it is the uniform limit of a sequence 
of algebraic adelic semipositive metrics over £. 

For a semipositive line bundle £, we can define a height for each subvariety Y of X (denoted 
h-^{Y))] see |Zha95bj for more details. Let X be a nonsingular projective curve. In the case of 
points on X, the height for x G X(X) is given by 


(2.4) 



1 

Gal(K/K) • X 


y&Gal(K/K)-x 


where | Gal(X/X) • x\ is the number of points in the Galois orbits of x, and s is any meromorphic 
section of £ with support disjoint from Gal(X/X) • x. A sequence of points Xn G X(X) is small, 
if lim„^oo h^{xn) = h-^{X). 


Theorem 2.1. [YuaOS^ Theorem 3.1] Suppose X is a projective curve over a number field K, 
and C is a metrized line bundle over X such that £ is ample and the metric is semipositive. Let 
{xn} be a non-repeating sequence of points in X{K) which is small. Then for any v G LIk, the 
Galois orbits of the sequence {xn} are equidistributed in the analytic space X^” with respect to 
the probability measure d^y = ci(£)^/deg£(X). 


Remark 1. When v is archimedean, Xg” corresponds to X(C) and the curvature ci(£)„ of the 
metric || • ||^ is given by ci(£)^ = ^ log || • jj.;;. For non-archimedean place v, XfT is the Berkovich 
space associated to X(C^), and Chambert-Loir |GL06j constructed an analog of curvature on XgY 
The precise meaning of the equidistribution above is: 


lim 

n^oo 


Gal(X/X) • Xr. 


— Pv 


y£Gal{K/K).x„ 


where 5y is point mass probability measure supported on y G X^", and the limit is the weak limit 
for probability measures on compact space X^. 


3. Equidistribution of PCF points 

In Sections]^ and 1^ we prove that for a (one dimensional and non-isotrivial) family of unicritical 
polynomials with degree d > 2, the set of postcritically finite polynomials equidistributes on 
the parameter space. The main tool we use in this section is the arithmetic equidistribution 
theorem introduced in the previous section; for the setup of the equidistribution theorem, we 
follow |GHT15j . We start by stating Theorem 3.1 which is our main goal; in order to do this we 
need to set up the proper notation. 


3.1. Statement of the equidistribution theorem for PCF parameters. For the definition 
of algebraic families of unicritical polynomials, we follow |Demj . Let / : X' x C —?• C be a one 
dimensional algebraic family of unicritical polynomials of degree d > 2. That is, X' is a Zariski 
dense, open subset of an irreducible, smooth curve X dehned over C, while : X' —> hf is a 
morphism, and / is a polynomial map of degree d given by fp{t){z) := /(t, z) = z'^ + '4){t), for each 
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t G X'(C). We say that / is isotrivial if ?/) is a constant map. Since there is nothing to study for 
an isotrivial family of unicritical polynomials, we focus on the non-isotrivial case. In addition, we 
assume X and X' are defined over a number field K. If is a morphism defined over K, then 
we call / an algebraic family of unicritical polynomials over the number held K. We can view X 
as a parameter space for an algebraic family of unicritical polynomials. The main goal for us is 
proving the following result. 


Theorem 3.1. Let f : X' xC ^ C be a non-isotrivial, one dimensional algebraic family of degree 
d>2 unicritical polynomials over a number field K. The set of parameters t G X'{K), for which 
f{t,z) : C —)> C is postcritically finite, equidistributes on the parameter space -T(C) (with respect 
to the normalized bifurcation measure). 


We postpone the proof of this theorem to Subsection 4.3 (for a precise dehnition of the equidis- 
tribution, see Remark]^. In Subsection 4.1 we dehne the (normalized) biffurcation measure and 
also show its connection with the measures corresponding to certain adelic metrized line bun¬ 
dles as appearing in the work of Yuan [YnaOSj . The key to our proof of Theorem 3.1 is the 
equidistribution theorem of Yuan (see Theorem 2.1 and its consequence to our setting stated in 
Theorem 3.4). 


3.2. Metrics on a line bundle. As previously stated, a non-isotrivial, one dimensional algebraic 
family of unicritical polynomials over a number held K is uniquely determined by a morphism 
if : X' ^ hf, where X' is a Zariski dense open subset of an irreducible, nonsingular projective 
curve X dehned over K. Hence the morphism if : X' —)• induces a unique morphism 

if : X — > (for the sake of simplifying the notation, we use the same notation for both 

morphisms). 

Let C be the line bundle on the projective curve X which is the pullback of Opi(l) by if, i.e. 
£ := if*0^i{l). Next we are going to introduce metrics on this line bundle. Let S be the set of 
poles of if on X, i.e. S consists of all x G Y such that if{x) = [1:0] (the inhnity point of P^). 
Let Xq,Xi be the canonical sections on P^, and s := if*{uoXQ + uiXi) be a section of the line 
bundle L with uq and ui being the scalars. For any point t G X{C^)\S, we dehne the metrics for 
each n > 1 and each place v G Llx as follows: 


(3.1) 


\uolf{t) -h Ml 


1/ 




where d,p is the degree of the morphism if : X ^ Moreover, for each tQ £ S C Y(Ct,), we 
dehne 


(3.2) 


l■s(^o)|| 


:= M-lim 

t^tQ 


\\v^n — I'^ol 




The last equality in the above formula is obvious once we notice that when t is close to to, we 
have |/^(t)(0)|y'^ 


Lemma 3.2. For any nonarchimedean place v G o,nd any integer n > 1, we have 


v,n — 


v,l 


on the line bundle £. 
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Proof. It suffices to show that max{l, |/^^j^(0)|^} = max{l, |■0(^)|^" for all t G X(C„)\5, 
where S is the set of poles for ijj. We prove it by induction. Suppose max{l, |/^^^^(0)|t;} = 
max{l, liAWlf”'}- If < 1, then |/^(t)(0)|„ < 1. Hence |/^JJ(0)|,; = |(/^(t)(0))'^ + lAWk < 

max{|(/^^^^(0))'^|^,, |'0(t)|r)} < 1 as u is nonarchimedean. Otherwise if |V’(t)|i; > 1 and |/^(t)(0)|?; = 
liAWlf > \'tp{t)\v > 1, then |/^J)H0)k = |(/^(t)(0))'^ + = |V'(t)lf • □ 


We define the metric 

||s(t)||^ := lim ||s(t)||'un for each place v 

n^oo ’ 

and we prove next that log || • converges uniformly to log || • ||^. 

Proposition 3.3. For each place v G fog || • ||u,n converges uniformly on X(C.i;) to log || • H.,;. 
Proof. Fix a place v G 0,k and a real number R greater than 3. Let 

To prove this proposition, it suffices to show that {log as a sequence of functions on 

X(C^), converges uniformly. 

First we prove the uniform convergence assuming < R. Then from the definition of 

Rv,n{t), we know that 


< iKn\t)r + R 

< {R + 1) ■ Rf^n ^(t), since Rv,n{t) > 1 
<2R-Rtlit) 


Similarly, if > 2R, then > iRt";\t)Y -R> <Jt)/2 > On the 

other hand, if R'^„^{t) < 2R, then > i?^"„(t)/2i?. So in all cases. 


(3.3) 


1 . Ri!.nA-l(t') 


_ . ^v,n+l\i') . ('ooU/d” 


which yields the uniform convergence of {log (by taking logarithms in (3.3) and the use 

a telescoping sum) for all t G X{Cv) satisfying \^p{t)\v < R. 

Secondly, we assume t G X(C„)\5 such that \fj{t)\y > R. We prove by induction on n that 
RTu (^) ^ Indeed, the case n = 1 is obvious, while in general (also noting that R > 3 

and d > 2) we have: 


<;+i(t) > {t)r - \m\v > Rtiit) - 


Rilit) ^ <jt) 


> R 


— '^v.n 


(t) > |V’(t)|, 


Then it is easy to see that 


and so. 


Kn+iit) - «; (t))l < \m\v < 


RiUt) 

2 


<n+l(i) 

RUt) 
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or equivalently, 


(3.4) 


2 ) - Ry,n{t) - \2j 


Taking logarithms in (3.4) and using again a telescoping sum, we obtain the uniform convergence 
of {logfor all t G X(C„) \ S such that > R. Finally, using also the convergence 

at the poles (according to (|3.2[)), we conclude the proof of Proposition 3.3 □ 


3.3. Equidistribution of small points. We use the same construction as in |GHT15l Section 7]. 


So, from Lemma 3.2 and Proposition |3.3[ we know that 

(3.5) £:=(£, ill-114,60^), 


is an adelic metrized line bundle which is semipositive. The height function h-^ on X{K) associated 
to £ is given by: 


(3.6) 


■= 


Gal(K/K) • t\ 


E 

yeGa.l{K/K)-t 


log ||s(y)||,;, for any t G X{K) 


where s is any section of £ = which does not vanish on the Galois orbits of t. The 

product formula guarantees that this height does not depend on the section s in the above formula. 

The adelic metrized line bundle £ is uniquely determined by the non-constant morphism ip : 
X —)• (defined over K). For convenience, we use a new notation for the height on X 

associated to the morphism ip: 


(3.7) h^{t) := for t G X{K). 

So, as a corollary of Theorem |2.1| applied to the problem we study, we obtain the following 
equidistribution theorem for points of height tending to 0. 


Theorem 3.4. Let X be a nonsingular projective curve over a number field K andip : X —)• be a 
non-constant morphism defined over K. The adelic metrized line bundle £ in (3.5), corresponding 
to the ample line bundle £ = ip*Of,i{l) is semipositive. Let {tn}n>i C X{K) be any non-repeating 
sequence of small points, i.e. lim,i_>.oo h^{tn) = 0. Then for any place v G TLk, the Galois orbits of 
this sequence are equidistributed in the analytic space X^ with respect to the probability measure 
dpL„ = ci(£)„/deg£(X). 


Remark 2. We note that h-^{X) = 0 because X contains an infinite set of points with height 0 
(see |Zha95bl Theorem (1.10)], Proposition 3.5 and Remark]^. 

We obtain next the relation between the two heights h,p and we recall that is the 

canonical height for points on the affine line under the action of the polynomial 

■= ^'^ + V’(i). 

Also, we recall that S is the set of poles for ip. 


Proposition 3.5. For each t G X{K) \ S, we have h.,p{t) = ■ hf^^^.^{0), while h^{t) = 0 for 

each t G S. In particular, h^{t) > 0 on X{K) with equality if and only if t is a pole of ip or 
is postcritically finite. 
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Proof. First, assume that t G X{K) is a pole of f:, i.e. t € S. As is defined over K, then the 
Galois orbit of t is contained in S. By the product formula (2.1) together with the definition of 
metrics at a pole (3.2) and the definition of the height (3.6), we see that = 0. 

Secondly, let t G X{K)\S] in this case, the points in the Galois orbit of t are not poles of if. 
Let Xq,Xi be the two canonical sections of Opi(l), and pick uo,ui G K such that the section 
uqXq + ■uiAi of C>pi(l) does not vanish on [V'(i) : 1] £ P^(Ar). For each y G Gal{K/K) ■ t, this 
section does not vanish on V'(y). Define s := 'iI)*{uoXq + uiXi), noting that s does not vanish on 
the Galois orbits of t G X{K). Writing := deg(V'), we have 




vGUk y&Ga.\{K/K)-t 


-Ny • log \\s{y)\l 
Ga\(K/K) ■ t\ 


, by (3.6) and (3.7) 


E E 

v&flK y&Ga.l{K/Kyt 


W • logmaxjl, I/”. _ _ 

lim - . .. ^-, by (3.1) and (2.1) 


1 


Gal(A:/iF) • t\ n^oo 
d 


lim 


GaliKjK) ■ t\ 


DSflif y^G&\{KIK)-t 


d,h ■ d^ ^ 


= by ^ and 

UiIj 


The second part of the proposition follows, since > 0 with equality if and only if the 

critical point 0 is preperiodic under iteration of see |GS93| . □ 

Remark 3. It is well known that there are infinitely many t £ Q such that ftiz) = z'^ + t is 
postcritically finite. Since the morphism i/; : X —>■ is non-constant, the set of points with zero 
height (for the height function /i^) is Zariski dense on X{K). 


4. Bifurcation and potential functions 


In this section, we study the bifurcation of algebraic families of unicritical polynomials, parametrized 
by quasi-projective curves. Let X' be (as in the previous Section) a Zariski open dense subset 
of an irreducible, nonsingular, projective curve X which is a parameter space for two families 
of unicritical polynomials. In Theorem 4.1 we prove that if there are infinitely many points in 
X' such that the corresponding two polynomials for these two families are simultaneously PCF, 
then these two families of polynomials have the same normalized bifurcation measure on X'(C); 
this result is a consequence of Theorem 3.4 and the definition of the bifurcation measure (see 
Subsection 4.3). 


4.1. Bifurcation. For a holomorphic family f{t, •) : — )• P^ of rational functions of degree d>2 

parametrized by a complex manifold, we have a stable region, a bifurcation locus (which is the 
complement of the stable region) and a bifurcation measure (or (l,l)-current) on the parameter 
space; see |Demni( IDemn3L IDFOHl IMcm94| IMSS83| . One of the main goals in complex dynamics 
is to study the stability of holomorphic families (or moduli spaces) of rational functions. In this 
article, we restrict our study to algebraic families of unicritical polynomials, parametrized by 
quasi-projective curves. 
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We work with the notation as in Subsection 3.1 
is a Zariski dense open subset of X, and / 


So, X is a smooth, irreducible curve, X' 
X' X C —?• C is an algebraic family of unicritical 
polynomials of degree d > 2, i.e. /^(t)(^) = where : X' —)■ is a morphism. A 

point to £ X' is stable if the Julia sets are moving holomorphically in a neighbourhood of to, 
or equivalently, {/^p)(0)}n>i is a normal family of functions on some neighbourhood of to- The 
bifurcation locus on X'(C) is the set of parameters where /^(j) fails to be stable. By definition, 
the stable region is always an open subset of X'(C). 

We define the escape-rate function for as 

' ■ " l/J(,)(0)l. 

which is a subharmonic function on X'(C). It is convenient to extend the function on X(C) 
by defining it 

G^{t) = 0 for each t G (X \ X')(C). 

The differential of the bifurcation measure is defined as 


G,p{t) := lim log"* 

n^oo 


(4.1) := dd^G^(t) 

with dd^ = ^dd being the Laplacian operator. For the sake of simplifying the notation, when 
^p{t) = t is the identity map, we use n and G{t) instead of and G^{t). The support of the 
bifurcation measure coincides with the bifurcation locus on X'(C), and the bifurcation locus is 
empty if and only if is a constant (i.e. fijj{t) is isotrivial). From the definition of the the 
escape-rate function, we see that 

G^{t) = Gim), 

i.e. G^ = 'ijj*G is the pullback of the escape-rate function on the complex plane by if. Hence 
the bifurcation measure (resp. bifurcation locus) is the pullback of the bifurcation measure (resp. 
bifurcation locus) on the complex plane 

i.e. ia^{A) = /i(V'(A)) for A C X'(C) with if being injective on A. 


4.2. The generalized Mandelbrot sets. Here we deal with the simplest case: if{t) = t (i.e. 

= ftiz) = 1) and X' itself is the affine (complex) line. The degree d generalized 

Mandelbrot set is the set of parameters where the critical point 0 is bounded under the 
iterates of ft 

M-d := {t G C : |/”(0)| tA oo as n —>■ oo} 


When d = 2, AI 2 is the classical Mandelbrot set. See Figure [ST] for the pictures of A42 and Ms. 
We recall some basic properties of the generalized Mandelbrot sets. Every generalized Mandelbrot 
set is bounded and simply connected, and there is a unique biholomorphic map (depending on 
d) from C\M.d to the complement of the closed unit disk 


(4.2) $ : C\Md^C\D 

with $(t) = 14-0(1), for |f| >> 0. The Green’s function Gj^a for the compact set Aid on C\A4d 
is given by 


( 4 . 3 ) 


gmAi) = iog\m\ 
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and it is known that GMdi^) — d • G{t) (for example, see [BDllj i. Moreover, the escape-rate 
function satisfies the inequality G{t) > 0 with equality if and only if t G Md- The bifurcation 
locus for ft is the boundary dAid of Aid, and the bifurcation measure is proportional to the 
harmonic measure for Aid- 


4.3. Two algebraic families of unicritical polynomials. Let X be a nonsingular projective 
curve defined over a number field K, leiif ■. X — )• be a non-constant morphism, and let 5 C X 
be its set of poles. We proceed as in subsection 3^ and define the adelic metrized line bundle £ 
endowed with metrics || • ||.y for each v G ^k- We recall that when v is archimedean, = C and 
Xg” = X(C). The curvature ci(£)^ of || • ||^ is given by ci(£)^ = —d(F\og || • ||^. 

For the rest of this subsection, we fix an archimedean place v and identify Cy with C. For 
to G X(C)\S, we let s be a section on defined over K which does not vanish at ig(fo)- Hence 
for t G -^(C) in a neighbourhood of to, using (3.1), we have 


ci(£)^(f) = -dd'^log I 


''(s)(fo)lk = dd'^ lim 

n^oo 


d^ ■ d^-^ 


= ^-ddfG^{t). 

Clrip 


For the bifurcation measure on X(C)\S', we have 


(4.4) 


d'lp 


d, 


d'V 


where d-ip is the degree of if. In particular, we consider fiy be the normalized bifurcation measure 
with respect to which we get the equidistribution statement from Theorem |3.1[ 


Proof of Theorem 3.1. Let {tn} C X'{C) be a sequence of PCF parameters for the algebraic 
family f : X' x C —>■ C of unicritical polynomials of degree d. First of all, we note that each 
if{tn) G Q since z'^ + if{tn) is a PCF map; since if is defined over Q, then also tn G Q. Then by 
Proposition |3.5t 

hip{tn) = 0 = 

Using Theorem 3.4 we conclude that the points {tn} equidistribute with respect to ^y, as desired. 

□ 

Now, we consider two non-constant morphisms : X —)> P^ for f = 1,2, with sets of poles Si 
and S 2 , respectively. They determine two algebraic families of unicritical polynomials and 

/b 2 (t) of degree d>2. 

Theorem 4.1. Suppose there are infinitely many t G -T\(Si U S 2 ), such that f^^(t) 
simultaneously postcritically finite. Then dp^.^ ' Mbi ~ d,p^ ■ ^\(‘S'i U S 2 ). Furthermore, on 

X(C) 

(4.5) dqp 2 * (t) — dpjj^ • 1x^2 (f")' 


Proof. The relations of the two bifurcation measures is clear from Theorem 3.4 and (4.4). And 
then these two families have the same stable region on X(C)\(Si U S 2 ). Let 

Td{t} .— dp,2 * G-ip^^iff) ‘ (iT.02(f") 

be the difference of the two continuous subharmonic functions on X(C)\(SiUS 2 ). Since d ^2 — 

dpji • hip 2 , and also using (4.1), H{t) is harmonic on X(C)\(5i U S 2 ). The pullback (by ifi or V’ 2 ) 
of a connected component of the stable region C\dAid, consists of finitely many (up to the 
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degree or connected components of the stable region on X. As C\dAid consists of 
infinitely many connected components (see Figure 5.1), so is V’^^(C\(9Adrf). Then we can pick 
one connected component of the stable region on Ai(C)\(Si U S 2 ), such that its images under 
both -01 and ip 2 are stable subsets within the generalized Mandelbrot set Md- Hence for any t 
in this component, = G{'ipi{t)) = 0 = G(i/) 2 (t)) = which yields that H{t) = 0. So 

the harmonic function H{t) on A(C)\(S'i U S' 2 ), which is identically zero on some open subset of 
A(C)\(5'i U 5'2), must be zero everywhere, and so (4.5) follows. □ 


Remark 4. The set S of poles for 1 /^ is the set of points to G X such that limi_ 5 .i(, G^{t) = 00 . 
With the same assumptions as in Theorem |4.1[ one has = S 2 for the sets of poles of and 
'ip 2 - And moreover, by ( |4.3| ) ( |4.5[ ), for any t G X(C) with G C\Md (hence i/’ 2 (i) £ C\Md by 
proportionality of and we have 

|4>('0i(t))|‘^’/'2 = |4>(i/;2(t))|'^’^i. 


5. Proof of the main theorem 


Suppose now that X is an irreducible, nonsingular projective curve satisfying the hypothesis 
of Theorem 4.1 By Remark]^ we conclude that for all t G ^(C), 

Mt)^C\Md^Mt)^C\Md, 

and further that the uniformizing map 4>:C\A4d—)-C\]D) satisfies 

|4>(V’i(t))|‘^’^2 = |$(V;2(t))|'^’^i. 


Write di = d^^,d 2 = d^^. Let Xq be a connected, unbounded component of the stable region 
in X] i.e., Xq is a component of the preimage of C \ Aid under 1 /^ 2 - The quotient 

provides a holomorphic map Xq —)■ (where is the complex unit circle); by the Open Mapping 

Theorem, this map is constant, so there exists 77 G M such that for all t G Xq, 

(5.1) 

Following M, the standard tool for studying the behavior of the degree d Mandelbrot set 
Aid is given by the external rays of the map <1>. We define the external ray for an angle 0 G M/Z 
to be 

n{6) := 4 >-^({re 2 -*^ : r > 1 }). 

We recall some standard facts about external rays; see Chapters 8 and 13 of M, and HHS]. 
An external ray TZ{0) is said to be rational if 0 is rational. A point c G A4 is Misiurewicz if the 
critical point 0 of + c is strictly preperiodic, and clearly every PCF point on the boundary of 
Aid is a Misiurewicz point. 


Proposition 5.1. |DH) All rational rays land; that is, there exists a unique point cq G dAid such 
that limr-^i <b“^(re^’^*^) = cq . Misiurewicz points are contained in the boundary of Aid, and every 
Misiurewicz point is the landing point of at least one rational ray. 
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Figure 5.1. Selected external rays of the degree 2 (left) and degree 3 (right) Mandelbrot 
sets. Angles of each ray are indicated next to the ray. A select number of hyperbolic 
components are labeled with the period of the component. External rays drawn by Wolf 
Jung’s program Mandel. 


Let a be a periodic point of fdz) = z'^ + c with exact period re. The multiplier of this cycle is 
A := {f'^y{a). The cycle is attracting if |A| < 1, repelling if |A| > 1, and parabolic if A is a root of 
unity. A parameter c is parabolic if fdz) = z'^ -\-c contains a parabolic cycle; in this case, there is 
a unique parabolic cycle. Parabolic points also lie in dAid, and are the landing points of rational 
rays. 

Proposition 5.2. [DHj . |EMSj Every parabolic point c is the landing point of either one or two 
rational rays. If the parabolic cycle of fdz) has multiplier X / 1, then exactly two distinct rational 
rays land at c. 

If IZ{6) and IZ{6') land at the same point, we say 0 and O' are a landing pair. If their common 
landing point c is parabolic with multiplier d 1) then Aid \ {c} consists of two connected compo¬ 
nents. In this case, the component which does not contain 0 is the wake Wc of c, and if TZ{0) and 
TZ{9') land at c, the width of the wake Wc is defined to be \wc\ ■= O' — 0, assuming 0 < 0 < O' < 1. 
For more about external rays, one can refer to HmH]. For illustration, see Figure 

Recall that a stable, connected component H in Aid is hyperbolic of period I M z'^ + c has an 
attracting cycle of exact period i for every c ^ H. 

Proposition 5.3. For all k > I, and ® landing pair, and their landing point Ck 

lies on the boundary of both the unique period 1 hyperbolic component, and a component of period 

k. 


5.1 


The proof of the proposition is by standard arguments; see Proposition 3.5 of |GKN| for details. 

A hyperbolic component H in Aid is equipped with a (d — I)-to-I map Xh : Lf —)• O, given 
by the multiplier of the attracting cycle; this map extends continuously to the boundary; the 
point 0 has a unique preimage under the multiplier map, known as the center of the hyperbolic 
component. Given - G Q/Zi, the preimage under Xh of the ray :0<r<I}cID) \ {0} 

is a collection of d — I disjoint curves in the component (known as internal rays), which land at 
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Figure 5.2. Select internal rays of the period 1 component of the Mandelbrot set, with 
angles indicated. Internal rays drawn by Wolfram’s Mathematica. 

parabolic points on dH. In this case, we say that the wake is a ^subwake of H. Conversely, each 


parabolic point is the landing of some internal ray. See Figure 5.2 for an illustration. 


For example, if H is the period 1 component, some preimage of the point ^'^'■1^ g 90 will land 
at the point Ck G dH of Proposition |5.3[ 

If H is a hyperbolic component of Aid of period > 1, there is a unique point ch on the boundary 
of H so that both X{ch) = 1 and Aid \ {ch} consists of two connected components; this is the 
root of H. There will be exactly two rays landing at ch, and we correspondingly define the width 
of the component H to be the width of the wake at ch- 

Our key tool towards the main theorem is the so-called wake formula, which was folklore, 
eventually due to Bruin-Kaffl-Schleicher in [BKL09] for d = 2 and Kauko for general d (see 
|KauOOj i: 


Proposition 5.4. Let H be a hyperbolic component of Aid with period k and width \H\. Let Wp/g 
be any ^-subwake of H. Then 

, 1^1 

\^p/q\ dQk-l • 

Corollary 5.5. Let H be a hyperbolic component of the degree d Mandelbrot set. Then the 
1/2-subwakes of H are precisely the set of subwakes of H with maximal possible width. 

We provide now a key proposition towards Theorem EH 

Proposition 5.6. Under the hypothesis of Theorem \4-l\ there exists a component Xq of the 


preimage ofC\ Aid under 1/2 such that the real number rj of Equation 5.1 is rational. 


Proof. We have two cases. Suppose first that there exists t G X satisfying the following; 

(1) to is not a branch point for ifi or ' 1 / 2 , 

(2) both and '02(i) are PCF parameters, and 

(3) 01 (t) or 02(t) is a Misiurewicz point. 

Suppose without loss of generality that 0i(t) is Misiurewicz; since 0i(t) G dAid, every open 


neighborhood of 0i(t) contains parameters c such that |<h(c)| > 0; by Equation 5.1, the same 
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holds for V’ 2 (i)- Choose Xq so that t G Xq, and write TZ{9i) and 7^(02) for the rational external 
rays landing at and respectively. By Equation 5.1, we have 

^ 2^1 - = 1 ?, 


and so rj is rational as desired. 

Suppose now that the conditions above are not satished for any t G X. Call B the set of branch 
points of the projection maps xl^i. Since 73 is a finite set, then by hypothesis, there exists some 
to G X \ B such that both V'i(to) and 1 /^ 2 (^o) are centers of hyperbolic components. In fact, we 
may choose to so that the component H 2 of which has center '(/’2(to) is far from the branch 
points in the following sense: there exists an open neighborhood U of to such that 'ip2{U) is simply 
connected, H2 C V’2(f7), and there exists a parabolic parameter c G dH2 such that c is the root 
of a component H 2 satisfying 77^ C '02(C^)- Therefore we have a well-defined analytic function 

h{z) := 01 o 0^^ : U —>■ h{U). 


Since h is an open map, h{H 2 ) is a component of C \ dXid which contains the PCF parameter 
01 (to)) so is hyperbolic. Since U contains no branch points, h{c) lies on the boundary of two 
stable components, so by Theorem 4.1 of |Sch04] . h{c) is a parabolic parameter. Choose t G X 
such that 01 (t) = h{c) and 02(t) = c, and choose Xo so that t G Xo- By Equation 5.1, any 
rational rays TZ{9) landing at c and TZ{9') landing at h{c) satisfy the relation 


9,29' — di9 = rj, 


and we conclude that rj is rational as desired. 

□ 


We are now ready to prove the remaining significant result towards Theorem 


Theorem 5.7. Assume the hypothesis of Theorem f.l. Then there exists an open subset U of the 


complex plane containing infinitely many PCF parameters on which an analytic branch o/0io02 
is given by z C^z, for some {d — l)st root of unity (. 


-1 


Proof. Fix an integer m > 2. We will dehne a neighborhood U{m) as follows: define c. 
the landing point of the external ray by Proposition 


5.3 


.ffYi to be 
this point lies on the main 

as 


component. By the preceding discussion, there also exists an internal ray landing at Cm, 
well the internal ray ro of angle zero which lands at co = {d — 1)/d‘^^ The union 


C := ro U Tm U 7^(0) U TZ 


U{0} 


d 

is a curve such that C \ C has two (simply connected) components. Define U{m) to be the 
component of C \ (7 which contains the hyperbolic component with root Cm] in other words, 
the component containing parameters of arbitrarily small argument (see Figure 5.1, 5.2). By 


Proposition 5.3, U{m) contains infinitely many PCF parameters. 


Note now that m may be chosen sufficiently large so that U (m) omits the images of the branch 
points of 01 and 02. Therefore we may define an analytic branch h{z) = 0i o 0^^ on U{m). By 


Equation 5.1, /i sends external rays to external rays, and there exists 0 < i < d 2 (given by choice 
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of branch) such that h acts on external angles 0 < 0 < by 

0 ^9 + 9 + 

(32 (12 

Denote such a choice of U (m) simply by U, and write r/ + ^ ^ in lowest terms (this is possible 

by Proposition 5.6). Note then that if TZ{ 6 i) and TZ{ 62 ) land together in U, their images under 
the continuous map h must land together, and the wake of the image rays has width ^ 1^2 — 0 i\- 

Proposition 5.8. Let U and h be defined as above. Then every hyperbolic component of U is 
sent by h to a hyperbolic component of the same period. 

Proof of Proposition \5 . 4 Suppose H is a hyperbolic component of period N contained in the 
neighborhood U with root c and wake W. Since h is an open map on U which preserves rational 
external rays, h{H) is also a hyperbolic component, say of period N', root h{c), and wake h{W). 
Choose any landing point of an internal ray of H with angle 1/2; call this point Ci/ 2 ) and its 
subwake Hi 12 , noting that Ci /2 is the root of a hyperbolic component of period 2 N. Since h has a 
linear action on external angles, Corollary 5.5 guarantees that h{Hij 2 ) is one of the 1/2-subwakes 
of h{H); call it h{H)i/ 2 - The width formula of Proposition |5.4| computes: 


\hiH)\{d^'-Ifi 
d - 1 d?^' - 1 

_ dil\ 


= \h{H)i/2\ = \h{Hi/2)\ = f^\Hi,2\ = 


di \H\ {d^-lfi 
~d2d-l d?^ -I 


Since \h{H)\ = the right- and left-hand sides of the equation above imply that N = N', 

as desired. □ 

For any hyperbolic component of period N, the rays landing at the root of the component have 
denominators which divide d^ — 1 (this is again standard; see Chapter 8 of M), and therefore 
the width of a period N component has denominator which is a divisor of d^ — 1. Since h fixes 
the period of any hyperbolic component in [/, and U contains components of period N and width 
^rfi\ for all N" > m (see Proposition 5.3), we deduce that ^ • ^rfi\ has denominator which is a 


divisor of — 1 for all N > m. We conclude that ^2 divides dfid — 1), and so the map that h 
induces on M/Z n (0, ^m_i ) is simply 

k 






for some 1 < A: < d — 1. 

By the same arguments and choosing N sufficiently large, the ray 

1 \\ _/d—1 k 


h TZ 


d ^-1 


= 7^ 


d^-1 


a 

d-l^b 


lands at a hyperbolic component of period N, and so ^n_i + f has denominator dividing d^ — 1. 
Since a/b is in lowest terms, we conclude that b divides d'^ — 1 for all N sufficiently large. Choosing 
M and N large and coprime, the greatest common divisor of d^ — 1 and d^ — 1 is d — 1, so we 
have 6 I (d — 1). 

We now have integers k, j so that h acts on external angles of U by 

k 




-9 + 


3 


d — 1 d — 1 
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However, we know that the ray of angle maps to a ray with denominator dividing — 1 

for all N sufficiently large; in other words, 

k + j{d^ — 1) = 0 mod(d — 1) 

for all N sufficiently large. Thus k = d — 1, and so h acts on external angles by translation by 
that is, h acts on external rays as multiplication by some {d — l)st root of unity C,. 

By definition of $, 

cl>(Cz) = C‘h(z) 

for all 2 ; G C \ Afrf, so h coincides with the map z i-A C-7 on (C \ Md) H U, and thus on the entire 
domain U. □ 


The proof of the main theorem follows easily from Theorem 5.7 


Proof of Theorem m First we note that indeed, if C has the form (1), (2) or (3) as in the 
conclusion of Theorem [13 then it contains inhnitely many points (a, b) with both coordinates 
PCF parameters, i.e., both z‘^ + a and + b are PCF polynomials. For curves of the form 
(1) or (2), this fact is obvious, while for curves of the form (3), we note that once fc{z) \= z'^ + c 
is PCF, then also fc^dz) := z'^ + (c is PCF (where = 1) because C~^/cc(C2^) = fdz). Also, 
there exist infinitely many c G Q such that fc is PCF. 

So, from now on, assume C be an irreducible plane curve containing infinitely many (a, b) such 
that z‘^+a and z^+b are both PCF. Since the PCF parameters are algebraic numbers, we conclude 
that C is dehned over Q. If C does not project dominantly onto one of the two coordinates of hd 
then, without loss of generality, we may assume C = {to} x for some to £ Q- But then by the 
hypothesis satished by C, we conclude that to is a PCF parameter, i.e., C has the form (1) as in 
the conclusion of Theorem [m 

So, from now on, we assume C projects dominantly onto both coordinates of A^. Let tt : X ^ C 
be a nonsingular projective model of C; therefore X is defined over some number held K. Write 
TTi and 772 for the projection maps of C onto the axis of A^, and let = vTj o vr for i = 1,2. Then 


we can apply Theorem 4.1 and deduce Theorem |5.7[ Thus there exists a {d— l)st root of unity C 
such that for inhnitely many c G A4rf, (c = ifidc) and c = '02(tc) for some tc G Ai(C); accordingly, 
there exist inhnitely many c G C such that {(c, c) G C'(C). Since C is irreducible, we conclude the 
proof of Theorem |1.1[ □ 
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